A weakly nonholonomic system is a nonholonomic system whose constraint equations contain a small parameter. The form invariance and the approximate conserved quantity of the Appell equations for a weakly nonholonomic system are studied. The Appell equations for the weakly nonholonomic system are established, and the definition and the criterion of form invariance of the system are given. The structural equation of form invariance for the weakly nonholonomic system and the approximate conserved quantity deduced from the form invariance of the system are obtained. Finally, an example is given to illustrate the application of the results.
Introduction
Research on the dynamics of nonholonomic systems has not only important theoretical significance but also noticeable value for applications, and great progress has been made over the years. [1−8] Moreover, many results on the study of symmetry and conserved quantity for mechanical systems have been obtained. [9−30] There is a special nonholonomic system whose constraint equations contain a small parameter. Such a system is called a weakly nonholonomic system. For the weakly nonholonomic system, Refs. [31] - [33] discussed its equations of motion and their approximate solution, canonical transformation, and stability, respectively. Reference [34] studied the Noether symmetry and the corresponding conserve quantity of the Lagrange equations for a weakly nonholonomic system. However, so far, the symmetry and the corresponding approximate conserved quantity of the Appell equations for a weakly nonholonomic system have not yet been studied. This paper will study the form invariance and the corresponding conserved quantity of the Appell equations for a weakly nonholonomic system. First, we establish the Appell equations for a weakly nonholonomic system to obtain its differential equations of motion and its first degree approximation. Second, we give the definition and the criterion of the Appell equations of the system. Finally, we present the structural equation of form invariance and the expression of the conserved quantity of the Appell equations for a weakly nonholonomic system.
Differential equations of motion of Appell equations for a weakly nonholonomic system
Suppose that the position of a mechanical system is determined by n generalized coordinates q s (s = 1, 2, . . . , n), and the motion is subject to g ideal bilateral linear homogeneous nonholonomic constraints
where µ is a small parameter. The differential equations of motion of the system can then be expressed
where S is the Appell function, Q s = Q s (t, q,q) are non-potential generalized forces, and λ β are undetermined multipliers. From Eqs. (1) and (2), we can solve λ β as functions of t, q,q, and µ. Equation (2) can be written as
which are called the Appell equations of the holonomic system corresponding to weakly nonholonomic systems (1) and (2), where
are generalized constraint forces. It has been proved that the solution of the Appell equations of the corresponding holonomic system (3) gives the motion of the weakly nonholonomic system if the initial conditions of motion satisfy constraint Eq. (1). In order to discuss the approximate solution of the Appell equations for a weakly nonholonomic system, we expand generalized constraint forces Λ s as power series of parameter µ
Then we obtain the first degree approximation of Eq. (3)
All generalized accelerations can be solved from Eq. (3) asq
From Eq. (6), we obtain
Definition and criterion of form invariance
Introduce the infinitesimal transformations of group of time and coordinates as
where ε is an infinitesimal parameter, ξ 0 and ξ s are the generating functions of the infinitesimal transformations. Introduce infinitesimal generator vector X (0)
as well as its first and second extended infinitesimal generatorsX (1) andX (2) as
where the total derivative with respect to t along the curve of a function can be written as
Suppose that dynamical functions S, Q s , Λ s , and
s , and f * β , respectively, after going through the infinitesimal transformation (9) . And then taking the Taylor expansions of S * , Q * s , Λ * s , and f * β at the point of (t, q,q,q), we have
Definition If the form equations are invariant when the dynamical functions are replaced by the corresponding transformed ones, respectively, then such an invariance is called the form invariance.
According to the definition, the form invariances of Eqs. (3) and (1) are, respectively,
Substituting expression (10) into Eq. (11), neglecting the terms of ε 2 and the higher order terms, and using Eq. (3), we obtain
Similarly, substituting expression (10) into Eq. (12), neglecting the terms of ε 2 and the higher order terms, and using Eq. (1), we havẽ
For the first degree approximate Eq. (6), we have
Criterion 1 For the Appell equations of the holonomic system (3) corresponding to the weakly nonholonomic system (1) and (2), if infinitesimal generators ξ 0 and ξ s satisfy Eq. (13), then the relevant invariance is a form invariance of the Appell equations of the holonomic system (3).
Criterion 2 For the weakly nonholonomic system (1) and (2), if infinitesimal generators ξ 0 and ξ s satisfy Eqs. (13) and (14), then the relevant invariance is a form invariance of weakly nonholonomic systems (1) and (2) .
Criterion 3 For the Appell equations of the first degree approximate holonomic system (6) corresponding to weakly nonholonomic systems (1) and (2), if infinitesimal generators ξ 0 and ξ s satisfy Eq. (15), then the relevant invariance is a form invariance of the Appell equations of the first degree approximate holonomic system (6) .
Criterion 4 For the Appell equations of the first degree approximate system (6) of weakly nonholonomic systems (1) and (2), if infinitesimal generators ξ 0 and ξ s satisfy Eqs. (15) and (14) , then the relevant invariance is a form invariance of the Appell equations of the first degree approximate holonomic system (6).
Conserved quantity deduced from the form invariance
According to the theory of form invariance for the Appell equations of general nonholonomic systems, [35] the form invariance for the Appell equations of the weakly nonholonomic systems can also deduce a conserved quantity.
Proposition 1 If infinitesimal generators ξ 0 and ξ s are the form invariance for the Appell equations of the corresponding holonomic system (3) and there exists a gauge function G F = G F (q,q, t, µ) satisfying the structural equatioñ
then the form invariance for the Appell equations of the corresponding holonomic system (3) can lead to the conserved quantity
Proposition 2 If infinitesimal generators ξ 0 and ξ s are ones of form invariance for the Appell equations of weakly nonholonomic systems (1) and (2), and there exists a gauge function G F = G F (q,q, t, µ) satisfying the structural Eq. (16), then the form invariance for the Appell equations of weakly nonholonomic systems (1) and (2) can lead to conserved quantity (17) .
Proposition 3 If infinitesimal generators ξ 0 and ξ s are ones of form invariance for the Appell equations of the first degree approximate holonomic system (6) and there exists a gauge function G F = G F (q,q, t, µ) satisfying the structural equatioñ
then the form invariance for the Appell equations of the first degree approximate holonomic system (6) can lead to conserved quantity (17) . Proposition 4 If infinitesimal generators ξ 0 and ξ s are the form invariance for the first degree approximate system of the weakly nonholonomic system and there exists a gauge function G F = G F (q,q, t, µ) satisfying the structural Eq. (18), then the form invariance can lead to conserved quantity (17) .
Using the above propositions, we can find the conserved quantities deduced from the form invariance for weakly nonholonomic systems.
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Form invariance and conserved quantity of Appell equations for a two-degreefreedom weakly nonholonomic system
Suppose that a ball with unit mass does a twodegree-freedom movement, and its weakly nonholonomic constraint equation and dynamical function of relative motion are, respectively,
Now we study its form invariances and conserved quantities. From Eqs. (2), (4), and (19), we obtain
Equations ( 
Then we can find its solution
From Eq. (14), we obtain
It is easy to see that generators (24) do not satisfy Eq. (25) . From Criteria 1 and 2, we can see that the system has form invariance of the holonomic equations (23) corresponding to the weakly nonholonomic system. By calculation, we have
Using structural Eq. (16), we obtain
The conserved quantity (17) then gives
Similarly, from Eq. (8), we havë
For the first degree approximate system (28), criterion equations (15) show
We can find the following solutions
which are generators of form invariance for the first degree approximate holonomic system. Using generators (29) , through the calculation, we obtaiñ 
which is a conserved quantity for the first degree approximate system (28) . From Eqs. (27) and (31), the physical significance of the two conserved quantities is not very clear. [36] This is still a problem to be resolved when we use the symmetry theory to look for conserved quantities of the constrained mechanical system.
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Conclusion
The paper studies the form invariance and the conserved quantity of the Appell equations for the weakly nonholonomic system. The method, in which the approximate conserved quantity can be obtained through expanding the generalized constraint forces Λ s as power series of small parameter µ, can be spread and applied to other mechanical systems and physical systems with small parameters.
